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NOMENCLATURE
The notations and symbols used in this research 
are those recommended by the American Society of Civil 
Engineers for finite element methods used in Geo-techni- 
cal engineering.
A 3 area of triangular element
»i ]
b2 i 3 constants
b3
B 3 strain-displacement matrix
cj = stress-strain matrix
[d ] * strain-stress matrix
e 3 element
E 3 Young's modulus
|fj 3 displacement field within an element
G 3 shear modulus
J2 = second invariant of deviator stress
[k] 3 bulk modulus
[k] 3 global assemblage stiffhess matrix
3 element stiffness matrix 
[n] 3 matrix of interpolation functions
q) 3 applied element nodal load vector
3 element nodal displacement vector 
|rj 3 global or assemblage nodal displacement vector
3 radial displacement of mode i 
3 global or assemblage applied nodal load vector
viii
W
M
* time co-ordinate 
» temperature Kelvin 
a Vector of surface loading
» component of displacement in the r-direction 
a component of displacement in the z-direction 
a vector of known body forces 
a vertical distance of node i 
a shear strain 
a increment 
a strain vector 
a Poisson’s ratio 
a 3 .1^16 
a stress vector 
a shear stress
Subscripts
c 9 creep
e m elastic
- nodes
1 = loaded surface
P s pillar surface
t a time
ti
a initial time
a time corresponding to n th interval
& a tangential
t
T
{*}
u
i
7
A
:{e}
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ABSTRACT
The prediction of displacements in salt pillars is 
of great practical interest, hut not amenable to any ri»- 
gorous mathematical formulation. The results obtained so 
far in this particular context have been essentially em- 
perical formulations derived from experimental results.
In this analysis the finite element method was used 
to study the creep behaviour of rock salt pillar models. 
Nominal pillar stresses of 2000, 4000, 6000, 8000 and 
10000 psi, and temperatures of 2 2.5°c, 60°c, and 100°c 
were considered. After extensive numerical testing a creep 
law was proposed as an extension for three dimensional 
creep behaviour of salt pillar models.
Numerical solutions were obtained as stress distri­
butions within the finite elements and displacements at the 
nodal points of all finite elements. The numerical solu­
tions for stresses were then used to predict apparent 
zones of failure. It was postulated that these critical 
regions which indicated regions of high octahedral shear 
stresses, were instrumental in causing roof and floor heav­
ing and spalling.
The numerical solutions were compared with extensive 
results obtained experimentally by other authors, on iden­
tical pillar models.
x
The room closures obtained as part of the solutions 
were compared with experimental results obtained on iden­
tical salt pillar models elsewhere by other authors. The 
comparisons showed excellent correlation especially at 
moderate pillar stresses and temperatures.
A limited amount of experimental work was conducted 
on "standard pillar models"* fabricated from cores taken 
from the salt mines of Weeks Island, Louisiana. Special 
measuring devices were designed and fabricated to measure 
room closures at different points and also changes in dia­
meters of the pillars. Nominal pillar stresses of 2000 
and 3250 psi were used at temperatures of 50°c and 100°c.
Numerical solutions corresponding to these stresses 
and temperatures were obtained and compared. The compari­
sons showed, once again, excellent correlation of experi­
mental and theoretical results.
Coincidentally some spalling was observed an test 
specimens in some regions, which were predicted by nume­
rical solutions as probable zones of failure.
x i
CHAPTER 1
INTRODUCTION
CREEP IN ROCK S1XT PILLARS
Creep analysis of rock salt pillars presents many 
unique problems, whether approached from an experimen­
tal or theoretical point of view.
For experimental work, one of the most important 
requirements is a suitable laboratory specimen that 
should simulate the actual mine conditions as truly as 
possible. This is a very stringent requirement since 
the behavior of the pillar models is dependent on se­
veral factors such as lateral confinement, geometry and 
loading conditions. The size and shape of the pillar 
model has influence on its strength. The salt pillars 
form an integral part of the mine roof and floor, which 
are continuous. The salt pillars are subjected to loads 
due to overlying strata and lateral confinement. The 
combined influence of these factors and the possible 
presence of heat makes the problem even more complex.
In order to obtain reproducible results, Obert 
(24)* and Serata (27) established certain relations bet­
ween size of salt pillar specimens and grain size of the
♦Numbers in parentheses pertain to references.
rock salt and the amount of salt in mine roof and floor. 
These requirements are met in the "standard pillar model" 
shown in figure 1 .2 .
Creep tests, in general, are time consuming and 
require sophisticated measuring equipment. Rock salt, 
being sensitive to atmospheric conditions, needs a care­
fully controlled environment also.
For a theoretical analysis of creep in rock salt 
pillars a mathematical model is needed. The pillars, 
roof and floor extend continuously as a monolithic struc­
ture, thus a pillar is subjected to some degree of late­
ral confinement. The pillars are also subjected to loads 
from overlaying strata. The pillars are, therefore, sub­
jected to a very complicated system of loads. The rock 
sale deforms plastically under relatively low stresses, 
and thus the theoretical analysis should take into account 
the effects of changes in geometry. The presence of heat 
makes the problem more complex. The material properties 
of salt are dependent on temperature and confining pres­
sure. Furthermore rock salt is not strictly homogeneous.
In many salt pillars it is not uncommon to find shale la­
yers at the middle plane of pillars or at roof level.
These shale layers act as regions of discontinuity. Theo­
retical analysis of rock salt pillars would, therefore, 
require an elasto-plastic thermal analysis of a non-homoge- 
neous, non-isotropic medium of irregular shape subjected 
to arbitrary loads.
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FIGURE 1.1 TYPICAL CREEP CURVE FOR METALS
Only numerical methods can be attempted. In the re­
search described herein the finite element method is pos­
tulated as an effective tool for obtaining numerical so­
lutions to the creep behavior of rock salt pillars. The 
method has gained prominence in recent years due to the 
ease with which it can be used to handle any problems po­
sed by the presence of awkward geometry, non-isotropy, or 
variable material properties. Realistic idealizations of 
practical problems can be easily made. For example, the 
effects of shale layers in pillar models can be studied 
by attributing material constants corresponding to those 
of the shale to the finite elements representing the 
shale layers.
As studied by Sully (29) and Rotherham (26), the gen­
eral creep behavior of rocks and metals is similar. The 
typical behavior is shown in figure 1.1. Under constant
stress sun elastic strain € appears instantaneously. In©
region 1 primary or transient creep occurs. This is fol­
lowed by steady-state creep in region 2. Finally, in 
region 3 corresponding to tertiary creep, the creep rate 
accelerates and leads to failure.
The study of the creep behavior of rock salt pil­
lars has gained prominence in recent years, since salt 
cavities are the most ideal locations for the disposal 
of radioactive wastes. The practical importance of locating 
radioactive waste disposal sites is enhanced by multiply-
55 11/16'
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FIGURE 1.2 STANDARD PILLAR MODEL
ing nuclear reactors, a source of "clean power".
The salt pillar models are axi-symmetric and can 
be represented mathematically as two-dimensional models. 
Extensive experimental work was conducted on pillar mo­
dels and they were found to be adequate to predict be­
havior of actural mine pillars. So, the solutions ob­
tained by numerical analysis can be compared with exist­
ing results obtained experimentally on identical labora­
tory pillar models.
SCOPE OF INVESTIGATION
In this research the finite element method is used 
to obtain solutions, which represent the creep behavior 
of rock salt pillar models. Also rock salt pillar models 
were fabricated from cores obtained from salt mines of 
Weeks Island, Louisiana, and creep tests were conducted.
A new creep law is proposed to predict the creep 
behavior of rock salt pillars. This law is unique in 
the sense that it accounts for the multi axial state of 
stress, instead of uniaxial state of stress normally 
assumed by many previous authors. Finite element solu­
tions are presented in the form of displacements at 
nodes and stresses within the elements. The analysis is 
made for pillar stresses ranging from 2000 psi to 10000 psi 
and temperatures ranging from 22.5°c to 100°c.
Standard pillar models were fabricated from 6 inch
diameter cores. Special measuring devices were designed 
and constructed to measure vertical shortening of pillars 
at various points and to measure changes in diameter, A 
heating enclosure and resistance coils were used in com­
bination with a thermostat to heat the specimens to a 
uniform temperature.
A limited number of experimental work was conducted 
on the pillar models using a screw type testing machine 
and a twelve channel strain indicator.
The results obtained from the finite element analy­
ses are compared with experimental results obtained on 
local salt pillar models. Also model room closures 
were obtained by the numerical method and compared with 
model room closures obtained by extensive experiments on 
similar pillar models by Lomenick (21).
From the stresses obtained numerically computer 
plots were made to obtain regions of high octahedral shear 
stresses. This was done to predict probable zones of 
failure, typified by spelling.
CHAPTER 2
SUMMARY OF PREVIOUS WORK
THEORETICAL INVESTIGATIONS
A finite element analysis of the deformational be­
havior of geologic materials was published by Dieterich 
and Onat (9)» who treated these materials as viscous flu­
ids. An elasto-plastic analysis of underground openings 
was presented by Reyes and Deere (25). Studies were made 
by Obert (24), Serata (27), LeComte (20), Lomenick (21) 
and Bradshaw (6 ), which used semi-emperical methods to 
predict strength and creep behavior of pillars.
However, no finite element analyses were attempted 
by any of these above authors to obtain a complete stress 
distribution and to analyze the creep behavior of rock salt 
pillar models. Such studies were initiated for the first 
time at Louisiana State University at Baton Rouge and 
studied by Bergeron (2). This initial study was primarily 
concerned with gathering background material and making 
preliminary investigations relevent to the study.
EXPERIMENTAL INVESTIGATIONS
Most of the work pertaining to the study of rock 
salt has been predominently of an experimental nature. 
Several authors have investigated the creep behavior of 
rock salt by testing different types of specimens. Gunter
(15) and Parker (15)t tested 2-inch cubes of salt speci­
mens, LeComte (20) studied the effect of confining pres­
sures on creep of artificial salt specimens of cylindri­
cal shape, Serata (2?) extrapolated results obtained from 
creep tests on pillar specimens made from 5 inch cubes of 
salt.
Obert (27) used cylindrically shaped specimens with 
steel confining rings at the top and bottom. Obert also 
established factors relating size of specimens and grain 
size of rock salt, so as to avoid scaling problems in 
the models.
All these investigation finally led to the "Stand­
ard pillar model", fabricated from a 5-1 1 /1 6 inch dia­
meter core, cut to 5 inches in length, and having a pil­
lar of k inches in diameter and 1 inch in height. The 
effect of various diameter to height ratios of the pillars 
was stddied by Lomenick (21), The creep behavior of 
test especimens in relation to actual mine tests was studied 
by Bradshaw and Associates (6 ).
Extensive tests were conducted at Oak Ridge National 
Laboratories under "Project Salt Vault", Pillar shorten­
ing or room closure was measured by Lomenick on "stand­
ard pillar models" for pillar stresses ranging from 2000 
psi to 10000 psi and temperatures ranging from 2 2.5°c to 
200°c. The creep tests extended upto 1400 hours in some 
instances. These are by far the most extensive results 
available for comparison of pillar creep tests.
CHAPTER 3
NUMERICAL ANALYSIS OF PILLAR MODELS
THE FINITE ELEMENT METHOD
A brief description of the finite element method 
of analysis of a continuum is given below.
The continuum is devided into a discrete number 
of 'finite elements'i separated by imaginary lines or 
surfaces. For simplicity* a two dimensional region de­
vided into triangular elements is shown in figure 3»i* 
The elements are assumed to be interconnected at a dis­
crete number of nodal points i,j,m,etc. situated on 
their boundaries.
A displacement function is assumed in terms of 
nodal displacements of an element, so as to represent 
uniquely the displacement at any point within each 
'finite element'. The state of strain within an element 
is uniquely determined by the displacement functions.
The stresses within the elements are then given by the 
stress-strain relations.
The boundary stresses and distributed loads are 
frequently replaced by a statically equivalent system 
of forces at the appropriate nodes. In order to ensure 
the convergence of the numerical solutions to the exact
11
FIGURE 3.1. TWO DIMENSIONAL REGION DIVIDED INTO 
FINITE ELEMENTS.
12
solutions the following conditions must be satisfied 
by the assumed displacement functions
1. The displacement function must be continuous 
within the elements, and the displacements must be 
compatible between adjacent elements.
2. The displacement function must include the 
constant strain states of the element.
3. The displacement function must include rigid 
body displacements of the element.
The displacement function jfj is assumed over 
any typical element as,
H = M  {q ] ! K >  v  V - - J
< >
lm
3.1
where [n ] is a function of co-ordinates and N^, N^,
Nm, etc. are chosen so as to give appropriate nodal 
displacements, when co-ordinates of nodes i, j, m, 
etc, are respectively substituted.
For the axi-symmetric case the following strain- 
displacement relation exists«
/ € r
e
\ f TZ J
<^ v
<3?
JA
r
^u
3 ? +!
3.2
/
The strain-dlsplacement relations can be written 
in the following form,
f  «[B]e ^ 3.3
where the 6 matrix contains terms derived from N ,
ie (_'>e
jef - [Bi> V  B»]e {-if
The linear elastic stress-strain relations for 
an isotropic material is given below for the 3-dimension­
al case with no initial strains.
€ = z
€ r "
7 rz
(CTz - i/frr +CTe) )
1
E (<7"r - is p~e +CTz) ) 
1
E ( CTe - jsgTz +crr) )
- X J j a a .  (Trzi
3.5
These equations can be written in the form, to 
include initial strains, as,
H  = m  < H  - K j  > s.e
where [c ] ** Elasticity matrix containing appropriate 
material constants
;
* Initial strain vector, which can account 
for temperature effects, for example.
The statically equivalent system of nodal forces 
is given by,
The direction and character of the components 
of each nodal force fL, and those of the corresponding 
displacement q^ at any node i, must be such that 
their product has units of work.
The body forces per unit volume jx j  must have 
directions corresponding to the displacement vector 
function j f j ,  such that the scaler product of j f j Tjxj 
yields work done by the Body forces.
Equating the external work done on an element 
to the internal work done during an arbitrary virtual 
displacement jq*j we have,
{,#Je T jR|e = jq*je T  / [ B ] T |crJd(voX)-
/ nt jx j d(vol.)J 3.8
Using equations 3 .3 and 3.6» and noting that 
equation 3.8 is valid for any arbitrary virtual dis­
placement, we have,
Jr]6 - [([ B f  [C] [Bj d(vol.)]jqje-
[B f  [°] K |  0(VOX.)- f [ « f  |)C d(vol,)
3.9
The stiffness matrix [ kj is given by,
[K]» [ , ] [ b ]  d(vol.) 3>10
The nodal force vector due to body forces is 
given by,
[R|p °'/[N ]T f*} d <vol.) 3*11
The nodal force vector due to initial strain is 
given by,
d(vol,)It ■ w 3.12
The nodal force vector due to distributed exter­
nal loads |t | per unit area is given by,
- / « f  [t] d u o i . )  3>13
The external concentrated force vector at the 
nodes is given by,
w  -
r  \
3.1*
e e
V J
In general the left side of equation 3,9 is 
obtained by summing forces as given by equations 3*11 
through 3-13.
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Equations similar to 3.9 are them summed over the 
assembly of elements representing the continuum. 
Physically, this implies that force-balance require­
ments are imposed at each nodal point of the continuum.
The resulting "assembled equations" can be solved 
for jqj by well known linear-equations solving techniques 
such as Gaussian elimination, etc. The method of solving 
the equations used in this research is given in appendix 
B.
The stresses are given by,
W  ■ t°] M  H • [°]
3.15
INCREMENTAL ANALYSIS
The past loading history has a pronounced effect 
on the strains for certain materials such as plastic( 
concrete etc. However, for metals the past loading his­
tory does not have pronounced effect on strains (32). The 
creep behavior of metals and rocks is similar (19), (26),
The incremental procedure of the type used for 
creep analysis of metals is postulated for creep analy­
sis of rock salt in this research and is briefly descri­
bed below i
The strain rate at any instant during creep is 
uniquely specified by current conditions* Since the 
strain-displacement relations are uniquely defined, the 
'nodal velocities' are uniquely determined. The effects 
of previous stress and strain history are completely 
disregarded.
The strain rate can be written in the following
form i
(29).
at time t.
Let |cr be the stress vector at time t,
C1
where[Dq]= Elasticity matrix that depends on Foisson's 
ratio alone,
<fi * Emperical function of stress, temperature 
and time.
18
C " constant.
For the axi-symmetric case*
[ D<
- 1.
(l+^)(l-2l/)
l-V
SYM.
1- V
V
1 - 1/
1
0
0
1-2 ^  
2(1-1/)
3.17
The increment of creep strain corresponding to 
a time increment At is given by,
aKI - °i[do] $<*. %. *> f<*] tj At
3.18
To ensure convergence of the results the creep 
strain increments in each time interval are kept 
small. This is accomplished by using very small in­
crements of time, especially during the primary creep 
period, when the creep curve is highly non-linear.
Using the strain-displacement relations and 
following the general finite element analysis proce­
dure we have,
I k ] a K L  -  f « U
3.19
where A|qcj ^ = increment of creep displacement vector
at time t^
[k ] ^ ** Overall stiffness matrix formed by using 
the current co-ordinates at time t*
H  t i "
nodal load vector due to current applied 
loads
These equations are solved for the creep displace­
ments A qC
1 *1
PROBLEM SOLUTION
The pillar model with the appropriate solution 
domain is shown is figure 3,2, Since body force effects 
were neglected, only a quadrant of the cross-section was 
considered for a complete analysis of the stress distri­
bution within the pillar model. Due to rotational symme­
try about the Z-axis the problem is two-dimensional in 
nature.
The finite element method is used to obtain the 
solutions. The method is ideally suited to handle the 
geometry and account for variable material properties.
The general procedure of applying the finite element 
analyses is outlined below and then described in 
detail later on.
1. An elastic analysis is first made and nodal 
displacements and stresses within the elements are ob­
tained in a conventional manner.
Steel Plate
Steel
Rings
Solution
Domain
Pillar V  r
Rock Salt
FIGURE 3.2 AX I-SYMMETRY IDEALIZATION OF PILLAR MODEL
2. A creep analysis is now made for the first 
increment of time using the displacements and stresses 
resulting from the elastic analysis. Solutions are ob­
tained in the form of creep displacements and stresses, 
using appropriate material parameters.
3. For each successive interval of time the re­
sults obtained from the creep analysis in the proceed­
ing time interval are used and a set of stresses and 
displacements are obtained.
4. The procedure is repeated until the desired 
final time is reached.
The following assumptions are made for a typical 
model salt pillar during testing.
1. Body forces are neglected.
2. The salt is considered to be stress free ini­
tially.
3. A constant temperature exists throughout the 
salt specimen and is maintained constant for the entire 
period of time under consideration,
4. The vertical load is applied instantaneously 
and is maintained constant for the entire period of time 
under consideration.
5. The displacements obtained are those due to 
combined elastic, plastic, and thermal effects.
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ELASTIC ANALYSIS
For a given nominal pillar stress the corres­
ponding forces to be applied at the nodes of the loaded 
boundary elements are calculated as followst 
Let , CTp = nominal pillar stress
crL = equivalent stress on steel end plates 
dp = diameter of pillar 
d^ * diameter of loaded surface 
The equivalent stress on the loaded end plates 
of the pillar is given by,
2
i r a: 7t <*p 2 o '
= cr (dp / dt)2 3.20
Let = nodal force at node i of a boundary ele­
ment,
r^j* average radial distance of nodes i and 
i-1 from the axis of symmetry, 
ri2“ average radial distance of nodes i and 
i+1 from the axis of symmetry 
The nodal forces are given by,
Qi • 7r <r2ii - ^iZ* 01 3.21
These are the only external forces that are con­
sidered in the analysis. These loads are applied instant­
ly and maintained constant through. Appropriate values of 
E, and G corresponding to a particular temperature are 
selected or calculated as described in appendix A.
The solution domain is subdivided into triangu­
lar elements. A total of 318 elements with 187 nodes 
are used as shown in figure 3.3, In order to keep low 
the size of the matrices to be handled the method of 
partitions was used and is briefly described below.
As each node has 2 degrees of freedom the size of 
the resulting matrices associated with 38** simultaneous 
equations would be too big for efficient solution. To 
solve this problem ten partitions were used. This reduced 
the maximum size of the matrices to be handled to 38 x 38.
Only nodal points in a particular partition are 
used in the calculation. The first and last nodal points 
and elements of each partition have to be determined 
manually. The final partitioned form of the overall 
matrix is shown in appendix 5.
The following points should be observed in using 
the method of partitions *
1. The nodal points and element numbers should 
follow one another in consecutive order.
2. Elements common to two partitions must be 
used twice.
«-•
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3. Only one partitioning line can pass through 
an element in order to keep the tridiagonalized form.
Jf. The band width depends on the way the nodal 
points are numbered, and a narrower band requires less 
solution time, for the same number of equations.
BOUNDARY CONDITIONS
With reference to figure 3.3 the following boun­
dary conditions are applied to the nodes*
1. The radial displacements of nodes along the 
vertical axis of symmetry are zero, i.e.,
=0
u at nodes 1 through 13
3.22
2. The axial displacements of nodes along the 
horizontal axis os symmetry are sero, i.e.,
*0
v at nodes 13.26,39,52,78,91.107,123,139 
3.23
3. Surface traction along the top row of nodes-Q^
A brief description of the finite element method 
is given in the early part of this chapter. Some of 
the details, with particular reference to analysis of 
axi-symmetric pillar model, are given below.
The state of strain and, therefore, the state of 
stress is completely defined by the two components of
2 6
displacements u and v in the radial and axial directions 
respectively, making the problem two-dimensional*
A typical axi-symmetric finite element is shown 
in figure 3.^. Since triangular elements were ade­
quate for the analysis, more sophisticated elements 
were not considered. The following equations apply to 
the axi-symmetric case.
The displacement field is given by.
3.25
ai + b.r + c.zx 1
2 A
II•H
td
rjZm - r z .m j
V Z3 zm
llO
rm “ r3
The strain vector is given by,
c)v ^
3?
( C Z )
/
^r s
<
€e
i  rz>t '
>
_u
r
<^ u . <^ v
+ 3?
3.26
Substituting for u and v
i6k  - MHe = [v Bi. B» -]iq] e
3.27
where
2A
0
b.
a. C, z
— L_ + b. + — —  r i r
0
etc
3.28
The elasticity matrix is given by,
V V
[ c >
E(l-i/)
(1+ ) ( 1- 2*0
1- Z' 
1
SYM.
l-Z'
l-V
1 0
1-2 Z^
2(l-Z^ )
3.29
The element stiffness matrix is given by,
[ k f  = 2-rrf[B]to T [c j  [ b ^ r dr dz
_ 3.30
For simplicity the centroidal co-ordinates, r, 
z are used as an approximation of the integral of r and 
z over the element divided by the area of the element, 
where ^
(r2 * rj + rJ3 
1
* <Zi * *0 + Zm) 3,31
The element stiffness matrix is now given by,
[k ]?0 = 2 [5 1?0 [°1 H 0 ? A 3.32
Body forces and initial strains are not considered.
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The element stiffness matrices are assembled in a tri­
diagonal i zed pattern and the final system of equations 
is of the form,
These equations are solved for q by a pro­
cess of substitution and elimination as described in 
appendix B,
The average stresses within the elements are 
now computed using the relations,
The above results represent the solutions in 
the form of displacements at the nodes and stresses 
within the elements associated with the instantaneous 
response of the pillar model to an application of 
vertical load. The results are stored for use in the 
subsequent creep analysis,
CREEP ANALYSIS
The nodal displacements obtained from the elas­
tic analysis are used to update the geometry of the 
pillar cross-section. The new co-ordinates of a 
typical node i are given by,
3.33
zni “ aoi + *i 3.35
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where the subscript ni = new co-ordinate of node i, and
oi *» original co-ordinate of node i. 
These co-ordinates are used to form the B mat­
rix corresponding to time t^ . The displacements due to 
creep in this interval of time are now obtained using 
the creep law and the incremental analysis described in 
the following pages.
The creep law proposed for the axi-symmetric 
salt pillar isi
[*c }ti - ^ < J2- *• T> [°c]
where jec velocity vector at time t^
tb2 Tb3
-1
H t - i
3.36
3.37
where c^, b^, b2, b^ are constants for a given salt,
Jg 85 Second invariant of deviator stress
[ (0"r-OT)2 + (crz_cre)2 + (CT.-CTr)2 + 
6 Trz2 ]
T * Temperature Kelvin,
[ c j = Modified stress-strain matrix
1
3.38
(1 -lA
(l+Z'Hi-21')
__v_
l -v
1
1
V
1
0
0
0
1-2 V
2inPT 3.39
The incremental creep strain A corresponding
€ cj "^ n
to any small time interval from to t is given by,
A l e c]tn= T) K ]"1 k k - i  (v v i >
The cumulative creep strain at any time tn is
3.^0
given by,
t=»tn
Jec } t „  "  i e k  + ^  A( [€ ®i)tn 3.^1
The strain-displacement relations for a typical 
element are given by,
)e—  [ T» P  P  le  /\
tn
3.^2
where
f5 l k "
0
bi
+  Bi + Ci
o
0
b,
n
3.^3
The element stiffhess matrix is given by,
[k £ =  Z TT[B)ln  fccJ [ S j ^  Fa ^
The element stiffness matrices are assembled and 
the final form of the system of equations can be written
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These equations are solved for the unknown creep 
displacements |qc| corresponding to time tn. The 
average stresses within the elements are, however, 
determined using the relations,
The results obtained are stored for use in the 
next interval of time. The solutions for all subsequent 
intervals of time are obtained by updating the geometry 
each time and repeating all the steps of creep analysis.
The procedure was automated in such a manner 
that the elastic analysis up to any desired final time 
could be carried out for all the temperatures, in 
one run.
The results stored were recalled by a Calcomp 
ploter program for obtaining plots of the deformed 
shape of the pillar cross-section. Computer plots 
showing the deformed shape of the pillar cross-section 
after 300 hours is shown in figure 3,5» for applied load
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3^
corresponding to a pillar stress of 6000 psi and temperature 
of 60°c,
The results obtained by the finite element ana­
lysis are presented in chapter 5 and discussed in chapter 6.
CHAPTER 4
EXPERIMENTAL WORK
DESCRIPTION OF APPARATUS
The experimental setup for a typical test consis­
ted basically of salt pillar model enclosed in an oven 
and loaded by a screw type Olsen testing machine.
A general setup of the various components during 
a typical test is shown in figure 4.1. These items are 
discussed briefly in the following pages.
The insulated oven was specifically designed to 
provide a uniform temperature of the pillar model. In 
figure 4.2 the construction detail of the oven is shown. 
The walls of.'the oven consisted partly of l/8" thick 
asbestos sheets assembled to form a 'U' shaped enclosure 
about 10N wide and 14" long. The open end was connected 
to a 3/4" thick and 10" diameter insulating foam, specifi­
cally selected to accommodate the long helical springB 
of the thermal regulator. Heating coils made of high 
resistance wire were first mounted on individual asbestos 
strips about l£" X 4i" size. These strips were then in­
stalled at regular intervals throughout on the inside 
pf the walls of the oven.
The heating coils were connected to the tempera­
ture regulator, which consisted of a Cenco bimetallic
FIGURE 4.1 PHOTOGRAPH OF CREEP TEST SETUP
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FIGURE k,2, HEATING ENCLOSURE FOR PILLAR MODEL
thermoregulator. This In turn was connected to a voltage 
regulator. By operating the voltage regulator in combi­
nation with the thermoregulator it was possible to main­
tain any desired constant temperature.
To ensure that the specimen was heated uniformly 
thermocouple wires were installed through pre-drilled 
holes at the top and bottom of the pillar specimen. The 
oven was completely closed at the top and bottom, and 
turned on with no load on the specimen. After allowing 
the specimen to heat up for some time, trial readings of 
temperature were read using the potentiometer. At this 
stage in this study it was noticed that the specimen 
had surface temperatures much higher than the interior 
as read from thermocouple readings. It was postulated 
that the top and bottom surfaces of the specimen must 
be heated in order to insure that the specimen had uni­
form temperature throughout. Consequently special hea­
ting coils were placed on the ends of the specimen and 
attempts were made to obtain a suitable cap.
A smooth surfaced sulfur cap similar to those 
used in testing of concrete cylinders was cast on top 
of the heating coils. However the cap material did not 
adhere well with the salt surface. Also, the cap material 
did not withstand high temperatures without going into a 
semirigid state.
Finally epoxy caps were proposed since the epoxy
would firmly adhere to the salt surface and would remain 
rigid even at very high temperatures. It also provided 
a smooth hard surface, which helped to reduce friction 
at loaded ends.
Again trial readings of temperatures inside the 
specimen were taken, with epoxy caps in place. This time 
uniform temperature readings were observed throughout 
the specimen. A close-up photograph of the epoxy cap is 
shown in figure 4.3.
MEASURING DEVICES
Two types of measuring devices were usedt type A 
for measuring vertical displacements and type B for mea­
suring changes in diameter of pillar models. A sketch of 
the type A gauge is shown in figure 4.4. It was construc­
ted from solid 24-ST aluminum alloy steel plate about 
2" x i" x 5" in size. Pointed set screws were installed 
at the free end of the gauges and were so adjusted that 
the distance between the points was slightly greater than 
the pillar height of 1 inch. SR-4 strain gauges were in­
stalled on the center portions of both sides of the nar­
row strip as shown in figure 4.4, The gauges were in­
stalled on the specimens by gently squeezing the rigid 
arms, inserting into the gap (room) of the pillar model 
and then releasing the arms slowly at the desired loca­
tion, As the pillar deformed the narrow strip AB acted 
as a beam subjected to pure bending and the induced strains
FIGURE lJ>,3 PHOTOGRAPH OF EPOXY CAP
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FIGURE k.k. VERTICAL DISPLACEMENT MEASURING DEVICE
FIGURE 4.5 DIAMETER GUAGE
were measured and recorded.
The diameter gauge, constructed from a rigid bar 
1" x l£" in cross section, is shown in figure 4.5. Set 
screws were installed at the free end of the rigid arms 
and the distance between the points was adjusted to mea­
sure slightly less than 4" (the diameter of the model 
pillar). To install the diameter gauge the arms were 
pulled apart slightly and released to clamp at the desired 
location. As the pillar deformed the induced strains were 
measured, as in the case of the vertical gauges, by pre­
installed SR-4 strain gauges.
In figure 4,6 the two types of gauges are shown in 
place on a pillar model.
All the measuring devices were calibrated indivi­
dually using a micrometer and strain indicator. The cali­
bration curves for the type A guages are shown in figure 
4.7 and that of the diameter gauge in figure 4.8. It 
was observed that all the calibration curves were linear. 
Thus it was possible to correlate the strain indicator 
readings with corresponding increments in relative dis­
placements.
PILLAR MODEL
The pillar models were fabricated from salt cores 
taken from the salt mines of Weeks Island, Louisiana. The
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physical dimensions of the pillar models were identical 
to those of the "standard pillar model" used by Serata 
(27) and Lomenick (21). A brief description of the model 
pillar fabrication procedure adopted is given below *
Salt cores of 6" diameter and about 10" to 11" in 
length were drilled from the salt mines of Weeks Island 
in South Louisiana. The cores were trimmed to 5H in height. 
To simulate the lateral confinement offered at the roof 
and floor in an actual mine pillar, 2" high and 5/8" 
thick steel confining rings, with inside diameters l/l6" 
larger than the core, were fitted over the top and bottom 
portions of the core and epoxied permanently into place. 
Ciba araldite 502 epoxy and Ciba hardener 951 were used 
since they were proven to withstand high temperatures 
and loads in elaborate creep tests conducted at Oak Ridge 
National Laboratories. The enter portion of the core 
was cut out on a lathe to form the model pillar 1" high 
and 4" in diameter.
To ensure uniform heating of the specimen heating 
coils were fabricated and placed on the top and bottom 
surfaces of the pillar models. Thermocouple wires with 
fused bulbs were introduced through pre-drilled l/l6" 
diameter holes at the top and bottom center of the pillar 
model. The complete assembly of the heating coils and the 
thermocouple wire was carefully held in place on the 
end of the salt specimen, and placed in a flat bottomed pan.
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Epoxy was then cast in the pan which was precoated with 
a release compound. After a few hours the pan was removed 
leaving behind the hardened epoxy cap. A similar proce­
dure was used for the other end surface whereon another 
epoxy cap was cast in place. The heating coil and the 
thermocouple wires can be seen in the close-up photograph 
of the transparent epoxy cap as shown in figure 4,3.
The epoxy cap not only served as a rigid medium 
to hous.e the heating coils and the thermocouple wire, but 
also formed a smooth hard plane surface to reduce friction 
under the loading head of the testing machine. The com­
pleted pillar model with epoxy caps is shown in figure
4.9.
TEST PROCEDURE
The pillar model was placed inside the heating en­
closure in a previously marked location. The heating coils 
of the oven and those in the caps were connected in series 
with the terminals of the thermal regulator. The thermal 
regulator was connected to a voltage regulator, which in 
turn was connected to the power source.
The heating enclosure with the pillar model was now 
placed inside the testing machine and the pillar was exactly 
centered under the loading head. The loading head was 
lowered until it just came into contact with the cap. The 
thermocouple wires coming out of the caps were connected 
to the potentiometer, that was previously balanced and
FIGURE If.9 PHOTOGRAPH OF TYPICAL PILLAR MODEL
set to read zero.
The diameter gauge was now inserted through spe­
cially provided openings at the back of the heating en­
closure. The vertical gauges were also inserted through 
especially provided slots on the sides of the heating 
enclosure. After positioning the gauges finer adjustments 
were made to insure that the pointed ends of all gauges 
were actually resting on previously marked locations on 
the pillar model.
The leads coming from all the strain gauges in­
stalled on the devices were connected to a 12 channel 
strain indicator and recorder.
The heating enclosure was now covered and complete­
ly insulated using an especially made asbestos cover 
and insulation tape. The underside of the loading head, 
before being lowered, was given a coating of release com­
pound to further reduce friction.
A complete setup for a typical test is shown in 
figure 4,1. Close-up photographs of the oven are shown 
in figures 4.10 and 4.11.
The heating circuit was now turned on and readings 
of the temperature were taken from both thermocouples and 
from an additional thermometer. The voltage regulator 
was adjusted to bring the temperature to the desired 
value and finer adjustments were made using the thermal
FIGURE **.10 PHOTOGRAPH OF SETUP, FRONT VIEW
FIGURE 4.11 PHOTOGRAPH OF SETUP, SIDE VIEW
regulator. It was possible to attain the desired tempera­
ture throughout the specimen, and maintain it constant 
throughout the test period.
The external load corresponding to a particular 
nominal pillar stress was now applied by operating the 
Olsen testing machine. The readings of all gauges were 
recorded at much closer intervals during the early stages 
of creep. It was during this stage that the specimen 
deformed rapidly, and manual operation of the controls 
was frequently necessary to maintain the desired load 
constant. However, the load remained constant without 
any manual efforts after a certain initial period.
CHAPTER 5
RESULTS
In this section the numerical and experimental 
results obtained are summarized. These results are dis­
cussed in chapter 6.
RESULTS OP FINITE ELEMENT ANALYSES
Numerical solutions were obtained for nominal pi­
llar stresses of 2000, 4000, 6000, 8000 and 10000 psi 
and temperatures of 22.5°c, 6o°c and 100°c.
Creep curves depicting the magnitude of model room 
closures were obtained in each case up to final time 
of 500 hours. Figures 5.1* 5.2, 5.3* 5.^ and 5.5, show 
creep curves for nominal pillar stresses of 2000 psi,
4000 psi, 6000 psi, 8000 psi and 10000 psi respectively. 
These curves help to visualize the effect of temperatures 
on the room closures at a given pillar stress. The room 
closures at temperatures of 22,5°c, 60°c and 100°c are 
shown in figures 5.6, 5.7 and 5*8 respectively. These 
curves indicate the effect of pillar stresses on room 
closures at any given temperature.
The room closures corresponding to the particular 
temperature and pillar stress used for a laboratory speci­
men fabricated and tested at L.S.U., were also obtained 
numerically. These results are shown in figure 5.21.
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directions were obtained at pre-selected time increments 
during the process of creep analysis* The currect coordi­
nates of all the nodes at any pre-selected time were also 
obtained. These values are stored on disc and later re­
called for obtaining the shape of the deformed pillar 
cross-section* Immediately following the main pro­
gram, a plotter program is run to obtain the deformed 
shape of the pillar cross-section on a Calcomp plotter.
A typical shape drawn by the plotter is shown in figure 
5*9* Such plots can be obtained for any or all of the 
time increments considered in the creep analyses.
In figure 5*10 the elastic response of the model 
pillar is shown for pillar stress of 4000 psi, and 
is essentially same as that of the undeformed pillar.
Numerical solutions also include the stress distribu­
tion over a vertical plane through the pillar for each case 
for which the displacements are obtained. Radial, axial, 
shear and tangential stresses are obtained at the centroids 
of elements for each interval considered.
To study the variation of z-stress and rz-stress 
along the radial direction, horizontal planes as shown in 
figure 5.10 were considered. The Z-Stress distributions 
are shown for four different planes in figures 5.11» 5.12, 
5*13 and 5,14. The shear stress distribution on these same 
planes are shown in figures 5*15» 5*l6, 5*17 and 5.18.
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The stress components were used to calculate the 
second invariant of the deviator stress throughout.
Online printer plots of these were obtained at each in­
crement of time. It was noticed from these results that 
type of distribution was similar. Contour plots were ob­
tained using these results and a typical plot is shown in 
figure 5.19.
RESULTS OF MODEL PILLAR TESTS
Only a limited number of tests were conducted on 
pillar models fabricated from cores taken from salt mines 
of Weeks Island, South Louisiana. Creep curves for pillar 
stresses of 1900 psi and 3250 psi were obtained and are 
shown in figures 5.20 and 5.21. The vertical relative 
pillar displacements were obtained not only at the edge 
of the steel rings but also at three locations in the 
roof-floor and on the pillar itself. These locations 
are indicated in figure 5 .2 2 by the numerals (1 ), (2 ) and 
(3). The changes in diameter for each of these cases were 
obtained and are compared in figures 5 .2 0 and 5 .2 1 with 
numerical solutions.
On one of the pillar models the effect of increase 
ing the temperature during the creep test was studied. The 
resulting creep curve is shown in figure 5 .2 0,
The shape of a typical deformed pillar is shown in 
figure 5.23, A close-up photograph of a pillar model show-
ing regions where spalling had occured is shown in figure 
5.24.
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Close-up Of Pillar After Initiation Of Spalling
1000 - 1333 psi, 1333 - 1666 psi
FIGURE 5*19 Distribution Of Magnitude Of Second Invariant 
Of Oeviator Stress Over Pillar And Roof
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CHAPTER 6
DISCUSSION OP RESULTS
NUMERICAL SOLUTIONS
In the following pages model room closures obtain­
ed by the finite element method are compared with model 
room closures obtained by extensive tests conducted on 
"standard pillars" at Oak Ridge National Laboratories.
The experimental and theoretical values of the model 
room closures are compared for each stress and tempera­
ture in figures 6.1 through 6.14, Infigures 6.1, 6.4, 
6.7» 6.10 and 6,13 the closure of rooms at 22.5°c for 
pillar stresses of 2000, 4000, 6000, 8000 and 10000 psi 
respectively are shown. It is seen that both results 
agree very well. The comparison of results for these 
same stresses for 60°c are shown in figures 6.2, 6.5»
6.8, 6.11 and 6,14. The coraprison of theoretical and 
experimental values of room closures at 100°c is shown 
in figures 6.3, 6.6, 6.9, and 6,12,
The numerical values agree very well with experi­
mental values for most values of stresses at moderate 
temperatures up to 60°c. Also the numerical values in 
almost all cases are slightly higher in magnitude than 
corresponding experimental values. The discrepancy of 
results, where noted, may be due tp the influence of
several important parameters that were assumed for ob­
taining the results. The elastic constants are affected 
by temperature and state of stress. The values of 
Young's modulus and Foisson's ratio assumed may not 
correspond exactly to those that would be obtained if 
the salt was tested experimentally. The room closures 
obtained are thus influenced by cumulative effects of 
both temperature and applied load.
The exponents used in the three dimensional 
creep law were obtained after extensive numerical testing. 
In general, the effect of increasing the value of the 
time exponent was to increase the slope of the creep 
curve. The creep curve became flatter as the value of 
the time exponent was decreased. The exponent of the 
temperature term has a much more pronounced effect on 
the magnitude of the creep deflections. As the value 
of the exponent is increased ordinates of the creep 
curves were magnified without appreciable change in 
the shape of the curves. A variation on the exponent 
of the stress term had the same effect as varying 
that of the temperature but less pronounced.
In obtaining the finite element solutions only 
toroidal elements of triangular cross-section as 
shown in figure the simplest of the axi-symmetric
case, were used. It would be of interest to see the in­
fluence of using isoparametric elements in the solutions.
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The stress distributions in the pillar and roof 
for model pillars were obtained with no experimental or 
theoretical results available for comparison. The stres­
ses were, however, crudely integrated over elemental 
areas and checked to verify that equilibrium was satis­
fied at several different locations.
Typical stress distributions were obtained along 
four planes 1-1, 2-2, 3-3 and 4-4, as shown in figure 
5.10. The Z-stress in the middle plane of the roof is 
shown in figure 5.11* The stress is uniform in the pil­
lar and roof with a sharp jump occuring at the location 
vertically above the pillar-roof junction. The Z-stress 
at the roof level as shown in figure 5.12 indicates a 
sharp rise again at the pillar-roof junction. It is in­
teresting to note tensile stresses being developed over 
some area in the roof. The Z-stress just below the roof 
and at mid-height of pillar are shown in figures 5.13’ 
and 5*1^ respectively.
Shear stress distributions along these planes are 
shown in gifures 5.15» 5*16, 5*17 and 5*18. The stresses 
show a sharp jump near the pillar roof junction as before. 
However the values become fairly constant along the mid­
height of the pillar as shown in figure 5.18.
The stress-distributions just discussed were for a 
nominal pillar stress of 4000 psi at 60°c and after 200 
hours of creep. Similar solutions were obtained for all
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the pillar stresses and temperatures studied in this re­
search, To study the general behavior of these stress 
distributions on-line computer plots were obtained at 
each time increment, for all the cases. These results 
indicated that the shapes of the curves were identical 
to those shown in figures 5*11 through 5.18# but vary­
ing in magnitude.
Figure 5.19 depicts hand drawn contours of the se­
cond invariant of deviator stress values over a vertical 
plane through the vertical axis of symmetry of the pillar. 
The octahedral shear stress is involed in many theories for 
predicting fracture mechanisms in rocks. It is worth noting 
the relation between the second invariant of deviator stress 
and the octahedral shear stress, given below*
Toot = C2J2/3>4
The magnitude of the second invariant stress in­
creases in certain areas in the roof and in the pillar, 
as shown in figure 5.19. A similar type of distribu­
tion was observed for octahedral shear stresses (i.e. for 
J2) for other pillar stresses and temperatures, as 
verified by numerous on-line printer plots.
It has been postulated that the octahedral shear stress 
is instrumental in initiating fracture. The fracture mech­
anism in rock salt is a complicated phenomenon and cannot
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be understood without resorting to a detailed theory of 
crack initiation and crack propagation (5.12, 13, 17» 18, 
19), and a study of the molecular structure of salt. No 
attempt is made in this research to investigate this 
problem. However, it is postulated that the critical 
regions indicated in figure 5.19 are related to the 
areas near pillar-roof junctions in actual salt mines 
from which large pieces of salt fall, sometimes with cata­
strophic results. The region of high octahedral stresses 
on the pillar as shown in figure 5.19 also happens to be 
the region where spalling was observed in actual test 
specimen as shown in figure 5.2^. There was remarkable 
similarity in the distribution of octahedral shear stress 
for all cases considered.
In figure 5#20 and 5.21 the numerical solutions and 
experimental results show excellent agreement for deforma­
tion^ obtained on salt pillar models fabricated at Louisiana 
State University, The overall deformed shape of the model 
pillar obtained from a finite element analysis (figure 5.9) 
agrees very closely with the deformed shape as observed on 
the laboratory specimen (figure 5 .2 3).
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EXPERIMENTAL RESULTS
The creep tests are, in general, time consuming 
and require elaborate and extensive testing apparatus.
The tests should be conducted on a large number of spe­
cimens, which implies a tedious and expensive operation 
in the specific case of salt pillar models, where the 
specimens must be obtained from actual salt mines. Also 
special precautions must be taken in all phases of the 
work since salt is highly sensitive to atmospheric 
conditions and highly corrosive in nature.
In the light of these difficulties only a limited 
number of tests were conducted. Quantitative measure­
ments of creep displacements were made at certain locations 
on the pillar model as shown in figure 5,22. The results 
are compared with numerical solutions in figure 5.20 and 
5*21. Excellent agreement is observed between exper­
imental results and numerical values.
The shape of a deformed pillar model is shown in 
figure 5*23. The shape agrees well with that shown in 
figure 5»9» obtained by a finite element analysis.
More extensive tests should be conducted to mea­
sure displacements at interior points in addition to 
those measured on the surface. Then the displacements 
at more points over the speciman could be obtained and 
compared with numerical solutions.
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The influence of temperature on the model pillar 
shortening is exhibited in figure 5.20. The magnitude of 
the deformations increases rapidly as heat is added. This 
same type of behavior was observed in similar tests at 
ORNL.
In this study additional information was obtained 
on the relative displacements between interior points* 
as shown at locations (2) in figure 5*22* and changes in 
diameter, as measured at location (3) in the same figure.
It is observed from figures 5.20 and 5.21 that the interior 
points deflect slightly more than the end points on the 
steel rings. This is verified by numerical solutions, which 
also depict higher values of deflections at interior points.
After sufficient time the pillar roof assumes a bulged 
shape as shown in figures 5.9 and 5.23. The tensile stresses 
developed in the roof as shown in figure 5.12 could possibly 
account for the tendency of the salt to flow into the room 
cavity.
CHAPTER 7
CONCLUSIONS
In this study solutions were obtained, using the 
finite element method and incorporating a generalized 
three dimensional creep law, for stresses and deforma­
tions throughtout a "standard" salt pillar model. The 
pillar models were subjected to applied loads correspo­
nding to nominal pillar stresses ranging from 2000 psi 
to 10000 psi and temperatures of 22.5°c, 60°c and 100°c. 
The model room closures were obtained as part of the 
solutions and agree well with experimental results ob­
tained at Oak Ridge National Laboratories on similar 
models.
Finite element solutions were compared also with 
results obtained by local tests performed at Louisiana 
State University and show excellent agreement. The local 
experimental results included not only measured model 
room closures but relative displacements at interior 
points between the model roof and floor, and also mea­
surements of changes in diameter of the pillar models.
The general deformed shape of the pillar model 
obtained on a Calcomp plotter was similar to that ob­
served on test specimens.
The stress components obtained in the numerical
solutions were also used to calculate the octahedral 
shear stresses over a vertical plane through the axis 
of symmetry of a typical pillar model. Based on the dis­
tribution of the computed octahedral shear stresses and 
the observed zones of spelling on a few test specimens, 
it is postulated that the regions of high octahedral 
shear stresses develop into critical zones where spal- 
ling is likely to occur in mine salt pillar's. This 
should be investigated further by a rigorous theoretical 
and experimental research program.
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APPENDIX A 
ELASTIC CONSTANTS FOR ROCK SALT
APPENDIX A
ELASTIC CONSTANTS FOR ROCK SALT (16)
The following relations exist between the elastic 
constants.
9KG
3K+G
A.l
where
3K-E
V » ------ A.2
6K
K =* Bulk modulus of elasticity!
E * Young's modulus of elasticity! 
G - Shear modulus!
V =* Poisson's ratio.
The values of K and G are obtained in terms of
nine constants, which in turn depend upon the structure
of crystals (16).
K = 1/3 (A+2B) A.3
G = 1/5 (A-B+3C) A.4
A =* 1/3 (Cii+C22-H333) A.5
B =■ 1/3 (c23+c 3i+c i2) A .6
C =■ 1/3 < c ^ o 55+cfi6) A.7
Rock salt has cubical structure and we have,
Ill
C11 -  c22
OC'*
OIt
c23 = C31 “ C12
C44 =  C55 “  C 66
The following values have been taken from results 
obtained by extensive tests on rock salt.
290°k 300°k l*00°k
C11 * C22 = c33 0.1*861* 0.4-857 0.1*502
C12 “ C23 * C31 0.1258 0.1191* 0.121*3
“ C55 " c66 0.1275 0.1281 0.121*8
A.9
The values of are interpolated for the speci­
fic temperature and substituted in equations A.3 through
A.7 to obtain K and G. Knowing K and G the values of E 
and V are obtained for the particular cases and tabulated 
below.
Temperature E (psi) V
295.5°k 5.32 x 106 0.251
333.0°k 5.1*1 x 106 0.272
373.0°k 5.08 x 106 0.250
A.10
APPENDIX B 
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appendix b
SOLUTION OF EQUATIONS 
The final equations to be solved are usually of the formt
[ * ] [ , ] -  [R J  B.!
where £k  jis the overall stiffness matrix assembled in 
a tridiagonalized manner, as shown in the figure below.
jqj is the displacement vector and 
Tr ] is the load vector.
K i
o
CT
C1 C2
T
C2 'S °3
1
T
°3 C4
1
Tcl k5
Expanding the terms contained in equation B.l, we
have,
mKi C1 0 0 . . o4
0 \  ' Ri  '
C T°1 K2 C2 o-, . . 0 0 r2
0 C T°2 K3 C3 • . o 0 q3 r3
• < • > < >•
• • •
0 0 0 0 . •Kn - i Cn-1 ^n-1 Rn-1
0 0 0 0 . *Cn - l Kn _ 3
Carrying out the multiplication for the first 
two rows ,
B.3
From B.2,
Substituting equation B A  in equation B.3
v- y , ■ i
-  * l
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[ * z ]  y  * [°2J ^  = }"2] B .fi
Prom this equation jq2 | can "be expressed in a 
form similar to equation B.Jf. These substituted in 
the next row to give modified andjR^i •
This process of substitution and elimination is 
continued until the last row.
For the last row,
The process is now reversed and values of 
qn_2 » • • • • are obtained by back substitution
into equations of the form similar to B.k,
To check the errors introduced due to rounding 
off and truncation in the arithmetic operations, the 
residuals are calculated as
B.7
Equation B.7 can be solved explicityly for
These values are compared with applied loads 
and the percentage error can be calculated.
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